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A nonlinear realization of SU(2) chiral symmetry spontaneous breaking approach
is developed in the composite operator formalism. The properties of nuclear matter,
the pion and the quark condensates in nuclear matter are evaluated. The calculated
results show that the saturation properties of nuclear matter can be reproduced well
with the approach. Meanwhile, the expectation value of ~pi 2 becomes nonzero in the
nuclear matter with minimal density ρN  0.235fm−3, and the quark condensate
decreases monotonously with the increasing of the nuclear matter density. As the
pion condensate appears, the decreasing rate of the quark condensate is enhanced.
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It is known that Quantum chromodynamics (QCD) has a non-trivial vacuum with
non-perturbative condensates of quarks and gluons. In the low energy region, QCD
has two very important properties: chiral symmetry spontaneous breaking and conne-
ment. It is believed that the two properties are closely related to the vacuum character-
istics of QCD. The properties of the QCD vacuum have been investigated with various
approaches[1, 2]. Based on the vacuum structure, some hadron properties have been de-
scribed well [1, 3, 4, 5, 6]. The investigations show that the chiral symmetry spontaneous
breaking plays an important role in understanding the feature of the low energy strongly
interacting physics[7]. From the Goldstone’s theorem, Goldstone bosons appear as the
chiral symmetry is spontaneously broken. To carry out the constraint by appearance
of Goldstone bosons, several realization formalisms of the chiral symmetry spontaneous
breaking have been developed [8, 9]. However, linear approximation should be made in
practical calculation within the above mentioned schemes. In the sprit of these formalisms
and the composite operator scheme[10] of the QCD, we propose an approach which real-
izes the chiral symmetry spontaneous breaking nonlinearly not only in formalism but also
in practical calculation.
On the other hand, chiral symmetry may be restored gradually in nuclear matter as
the increasing of its density . As a consequence, the quark condensates in nuclear matter
decrease gradually with the increasing of nuclear matter density. The quark condensates
in nite density can be evaluated with QCD sum rules approach[11]. With the Hellmann-
Feynman theorm[12] being implemented, one can also evaluated the quark condensates at
hadronic level. Almost all the approaches can give the descent feature in nuclear matter
in the low density region. However an upturn emerges at higher density in the linear
Walecka model[13], Dirac-Brueckner method[14], Dyson-Schwinger formalism[15]. Even
though the upturn can be eliminated [16] with the Brown-Rho scaling[17] being included
in the Walecka model, the quark condensate vanishes at a density   3:50. Such models
do not show the connection between the chiral symmetry spontaneous breaking and the
quark condensate. With the Hellmann-Feynman theorem being included in the present
formalism, we evaluate the quark condensate too.
In general, symmetry means the invariance under a certain transformation. For the
linear innitesimal transformation




where tα is a generator of the symmetry group of the Lagrangian of the system and n
is spin-zero boson eld or spin-zero composite operators. In the special case of constant





tαnmm = 0 (2)










m = 0 : (3)





m is not identically equal to zero with m =




space formed by independent linear combination of the vectors. We note that the Gold-
stone bosons lie in this linear space and remainder has to be perpendicular to the space .
This constraint leads to the nonlinear realization of chiral symmetry spontaneous break-
ing of SUL(2)SUR(2). We formulate then the nonlinear realization of SUL(2)SUR(2)
on the quark level at rst.
The fundamental ingredients in the composite operator scheme are the following four
composite operators
 4 = qq;  i = iqr5iq (i = 1; 2; 3); (4)
where q is the fu; dg quark elds and i(i = 1; 2; 3) are the Pauli matrices. The transfor-
mation of the  α( = 1; 2; 3; 4) under the chiral symmetry transformation of the quarks
eir5
iτi can be given as
 4 = 2
i i;  i = −2i 4 (5)
where i are the innitesimal parameters.
If the vacuum expectation value of quarks is not zero, i.e., h0 jq(x)q(x)j 0i 6= 0, the
chiral symmetry SUL(2) SUR(2) is spontaneously broken. To realize the constraint on
the breaking (shown by Eq.(3)), the  α have to be separated into two parts: one contains
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µν ]αβh0 j β j 0i = 0 : (7)
It is easy to nd that

 α can be taken as

 4 and other three components are zero. In the
innitesimal form












q is the nonlinear realization of the chiral symmetry.
In order to simplify the factor e−ir5ξ
iτi , we introduce the Goldstone bosons in the form
i =
tan−1(
∣∣∣~∣∣∣  i)∣∣∣~∣∣∣ : (10)
After a tedious derivation, we obtain the equations to determine the Goldstone bosons




~ 4;  4 =
1− ~2
1 + ~2
~ 4 : (11)







: The Lagrangian density determined by the quantum eective
action Γ for the composite operators f αg can be generally written as
L = − 1
2A
@µ ~ 4@
µ ~ 4 − 2
A
~ 4 ~ 4 ~Dµ ~D





Since  i is a pseudoscalar eld and the parity should be conserved, we have h0 jij 0i =
0. Then using the assumption of the saturation of vacuum, we can get h0 j 4j 0i =
h0
∣∣∣ ~ 4∣∣∣ 0i. After a zero-point shift
~ 4 = c+ 
p
A ; (13)
where c is a constant, and it equals to the value of quark condensate in vacuum. we can
dene the  eld. It is remarkable that the  eld induced in this way is not Goldstone
boson and it is the remainder for the chiral symmetry spontaneous breaking theory of
SU(2)L  SU(2)R. Meanwhile, the Goldstone bosons and  appear simultaneously.
In Eq.(12), the second term is the kinetic energy of i mesons. The normalization










The Lagrangian density for  meson in the existence of current quark mass is






































. At the same time,the 3 term 1
3
g2












for the hadronic level, where MN = 50MeV , is assumed as the intrinsic mass of nucleons.




















Along the same line as for discussing quarks, we assume that a nucleon has a small
intrinsic mass, which characterizes the chiral symmetry explicit breaking at hadronic
level, and is referred to as current mass of a nucleon in this paper. This is, in some sense,
similar to the current quark mass that induces the explicit chiral symmetry breaking at
quark level. The main part of the mass of a nucleon comes from the chiral symmetry
spontaneous breaking. Taking the same way as mentioned above and considering the
Goldberg-Treiman relation and the partial conservation of the axial current(PCAC), we
obtain the Lagrangian density with the nonlinear realization of the SU(2) chiral symmetry
spontaneous breaking as
Lch =  

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where ~t is the isospin matrix vector for isospin 1
2
(that is, half the Pauli matrices ~ ). MN
is the mass of the nucleon caused by the chiral symmetry spontaneous breaking, Mp and














To represent the repulsive interaction among nucleons and the isospin symmetry break-









µ − gω  γµ !µ ;
Lρ = −1
4
~Rµν  ~Rµν + 1
2
m2ρ~µ  ~µ − gρ  γµ~t  ~ µ ;
in which Ωµν = @µ!ν − @ν!µ, ~Rµν = @µ~ ν − @ν~ µ :
Since the parity of pion is negative, the expectation value of  is zero in nuclear matter.
Neglecting the dierence between Mp and Mn, i.e., taking MN = Mp = Mn, we can
write the Lagrangian in the mean-eld approximation as
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where the 0 is the expectation value of the isoscalar scalar eld, 
2
0 is that of ~
2, !0
is that of the temporal component for the isoscalar vector eld since there is no spatial
direction for a uniform nuclear matter at rest, 03 is that of  meson in the nuclear matter.
The equations of motion for nucleons and mesons are(
iγµ@
µ −MN − gωγ0 !0 − gργ0 t303
)
 = 0 ; (22)
20 = 2
√√√√MNh   if 2pi
m2pi





0 = −gσh   i ; (24)
m2ω!0 = gωh  γ0 i ; (25)
m2ρ03 = gρh  γ0t3 i ; (26)
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where h   i, h  γ0 i and h  γ0t3 i are the scalar density, vector density and isospin density












) ] + gσ0 is the eective mass
of a nucleon in nuclear matter
Taking the standard process, the energy density and pressure for nuclear matter can
be obtained. Then, the properties of nuclear matter can be determined in the chiral
Lagrangian Eq. (21).
By tting the saturation properties of nuclear matter, the parameters with the restric-
tion MN + MN = 938 MeV are xed. Two sets of the parameters are listed in Table
1. For the parameter set C1 we get the saturation density of 0:152fm
−3, binding en-
ergy of 15:297 MeV, a compression modulus of 349:10 MeV, symmetry energy coecient
33:645 MeV and the eective mass of a nucleon of 0:687MN for symmetric nuclear matter.
The parameter set C2 corresponds to the saturation density of 0:151fm
−3, binding energy
of 15:040MeV, a compression modulus of K = 298:88 MeV, symmetry energy coecient
32:593 MeV and the eective mass of nucleon of 0:736MN for symmetric nuclear matter.
Meanwhile the curves for the equation of states (EOS) are obtained too. The numerical
results show that the EOSs for the two sets of parameters are quite close to each other.
we display then only the equation of states for the parameter set C2 in Fig. 1. The gure
shows evidently that the symmetric nuclear matter can exist stably. However the stable
pure neutron matter does not exist.
It has been shown that the neutral pion condensate may appear in both symmetric
nuclear matter and pure neutron matter at densities of 0:32 fm−3, 0:2 fm−3, respectively
[18, 19]. From the Eq. (23) we obtain h~ 2i > 0 when s > m2pif2pi4δMN , where s = h   i, is
the scalar density of nucleons. Fig. 2 shows the expectation value of
p
~ 2 in nuclear
matter as a function of the number density of nucleons N . For symmetric nuclear matter
h~ 2i is not zero when N > 0:235fm−3 which is about 1.5 times the saturation density
0 for the parameters C2. Thereafter the pion condensate increases with the increasing of
the nuclear matter density. It shows obviously that pion condensate will happen in the
nuclear matter in this model. Meanwhile the
√
h~ 2i in pure neutron matter are almost
equal to its value in the symmetric nuclear matter. It manifests that the SU(2) isospin
symmetry of nuclear matter has little eect on pion condensate in nuclear matter. As the
density of the matter increases, the value of
√
h~ 2i grows rapidly. The pion condensate
would play an important role in neutron stars.
Making use of the Hellmann-Feynman theorem and Eq.(17-18), one has the relation






































where N is the nucleon  term.
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With the parameter sets C2 determined above and N = 45 MeV, we evaluate the
ratio of the in-medium quark condensate to that in vacuum. The obtained results are
represented in Fig. 3. From the gure one can easily know that the quark condensate in
nuclear matter decreases, in general, as the nuclear matter density increases. It manifests
that the \upturn" problem disappears in the present chiral symmetry breaking approach.
Investigating the gure more carefully, one may know there exists a density  = 0:235 fm−3
at which the derivative of the condensate against the density does not continue. In more
detail, as the density is larger than 0:235 fm−3, the decreasing rate is increased. Such a
behavior is consistent with the result given in Ref.[21]. Since the density 0:235 fm−3 is
just that for the pion condensate to emerge, the result indicates that the pion condensate
and the underlying chiral symmetry breaking play very important roles in the quark
condensate.
In summary, a nonlinear realization of SU(2) chiral symmetry spontaneous breaking
approach is developed in the composite operator formalism. In the mean-eld approxima-
tion, the properties of symmetric nuclear matter and pure neutron matter are investigated.
Meanwhile pion condensate and quark condensate are evaluated. It shows that pion con-
densate can appear in neutron stars, in nuclear matter at a density higher than the normal
nuclear matter density. Moreover, the quark condensate decreases monotonously with the
increasing of nuclear matter density, then the chiral symmetry is restored gradually in
nuclear matter as the density increases.
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Table 1. The parameters in the calculation of the SU(2) chiral symmetry spontaneous
breaking model with mpi = 139:57MeV and fpi = 130MeV (mi(i = ; !; ), MN and MN
in Mev, g2 in fm
−1).
gσ(N) mσ gω(N) mω gρ(N) mρ g2 g3 MN MN
C1 9.111 540 10.587 783 8.480 770 −4:0 20.0 888 50
C2 9.111 570 9.573 783 8.480 770 −9:0 37.5 888 50
Figure Captions
Fig. 1. Obtained average energy per nucleon "=N − MN as a function of nucleon den-
sity N for the parameter sets C2. The solid line denotes symmetric nuclear matter
, and the dashed line is for pure neutron matter .
Fig. 2. Obtained expectation value of
p
~ 2 versus nucleon density N in the nuclear
matter for the parameter sets C2. Same case as in Fig. 1.
Fig. 3. Obtained ratio of the quark condensate in nuclear matter to that in vacuum as
a function of nucleon density for the parameter sets C2. Same case as in Fig. 1.
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